We describe a method of white-beam inelastic neutron scattering for improved measurement efficiency. The method consists of matrix inversion and selective extraction. The former is to resolve each incident energy component from the white-beam data, and the latter eliminates contamination by elastic components, which produce strong backgrounds that otherwise obfuscate the inelastic scattering components. In this method, the optimal experimental condition to obtain high efficiency will strongly depend on the specific aim of the individual experiments.
I. INTRODUCTION
Inelastic neutron scattering has come to be recognized as indispensable in modern materials science, because a material's spin and lattice dynamics provides unique information about a system's Hamiltonian. A complete description of these excitations in momentum (Q) and energy (E) space is needed to fully reconstruct the interactions that govern a material's behavior on the atomic scale. However, the technique normally requires a large volume of sample, often on the order of several cubic centimeters 1 . This is a very significant limitation in research to develop new materials with novel functions.
In neutron diffraction experiments, however, the development of time-of-flight (TOF) technique allowed the use of a white beam for increase in measurement efficiency compared with the conventional method using a monochromatic beam. Each wavelength (energy) component can be resolved by TOF, as shown in Fig. 1(a) , and finally merged into a single diffraction |Q| pattern for a powder sample (time focusing) or a Q map for a single-crystal sample. Unfortunately, the same cannot be applied to inelastic scattering, because the different E i (incident energy) and E f (final energy) components are entangled at the same TOF for the same pixel on the detector, as shown in Fig. 1(b) . Thus, it has been considered that either E i or E f must be monochromatized or must be analyzed, either of which incurs a large loss in neutron intensity.
Another remarkable method, called cross-correlation, was developed over four decades ago as an extension to the white-beam diffraction 2 . The method basically involves extracting the elastic components and removing the inelastic components 3 . As shown in Fig. 2 , a special mechanical chopper modulates a white incident pulsed beam with a pseudorandom open/close sequence, and Ntimes cyclic phase shifts of the modulation generate a set of N data with different E i contrast. Then, on the basis of the contrast, the data for each E i can be mathematically resolved. The mathematical formalization is given below. Here, for convenience, parameters and functions are renamed and redefined from those in the original papers 2, 3 . The intensity detected at a specific TOF at a specific pixel of the detector, I obs (p) (p = 1, . . . , N ), is described by
where p is the phase shift of the sequence (phase of sequence chopper), F (k) is the k-th element in the sequence . By cyclically shifting the phase, a raw data set of I obs (1), I obs (2), I obs (3), I obs (4), and I obs (5) is obtained at a specific TOF and at a specific pixel on the detector. After the measurements, each Ei component of I(1), I(2), I(3), I(4), and I(5) can be resolved mathematically.
F consisting of only 0 (close) and 1 (open), F (k + N ) is defined to be equal to F (k) for k = 1, . . . , N , j is an index for E i , I(j) is the intensity coming from the j-th E i component in a white incident pulsed beam for j = 1, . . . , N , and B is the background. The pseudorandom sequence F is restricted by
This type of sequence F is currently called a maximum length sequence, which is generated by a simple recurrence formula and is widely applied in the field of digital communications 4 . Combining the above equations, one can resolve each E i component,
It should be noted, however, that the method cannot be directly applied to inelastic scattering because the elastic components and their large statistical errors obfuscate the very weak inelastic components. This is probably why the method has not been realized thus far in an actual instrument dedicated to inelastic scattering. In fact, for the new CORELLI instrument under construction at the Spallation Neutron Source (SNS) in Oak Ridge, Tennessee, the method will be used mainly to study diffusive elastic scattering such as in frustrated systems and ionic conductors 5 . This paper presents a modification to this method for a more practical white-beam inelastic neutron scattering setup. The proposed method has two novel aspects: the introduction of an inverse matrix representation and a proposed method for selective extraction. The former affords a different solution to Eq. (1) to resolve each E i component in the white-beam data. The latter eliminates contamination by elastic components, which otherwise produce strong backgrounds. Finally, we present estimates of some instrumental specifications for the TOF polarized neutron spectrometer, POLANO, being constructed at J-PARC.
II. INVERSE MATRIX REPRESENTATION
We formalize an alternative solution to Eq. (1) without the conditions Eqs. (2a)-(2d) . Here, the measurement of I obs (p) (p = 1, . . . , N ) is the same as in the original method except for the kind of sequence. Ignoring B for simplicity, Eq. (1) can be represented by
where
Hence, one can resolve I by
Consider, for example, the sequence (0, 1, 1, 0, 1) at p = 1:
Hence, one can obtain
Thus, almost all types of sequences can be used as long as F −1 exists. Taking into account B again, one can also identify a sequence to minimize |F −1 (B, B, B, B, B)|, for example, by trial and error with many numerical trials.
It should be noted that this general matrix formalization is not considered superior to the maximum length sequence. However, the general matrix formalization does afford an advantage when the conditions of Eqs. (2a)−(2d) are not satisfied on actual instrumentation, for example, because of insufficient switching speed between 0 and 1 for high E i range or high resolution. In this paper, we use the general matrix formalization only because selective extraction, proposed in the next section, also does not fulfill the conditions.
III. SELECTIVE EXTRACTION
We explain the proposed selective extraction method using the above example in Eq. (6) . First, one needs to prepare another chopper with the inverted sequencefrom open/close to close/open, that is, from 1/0 to 0/1. The inverted chopper gives another data set,
where [J obs (p)] is the raw data obtained for the phase p. Then, we consider the case where I(3) is the elastic component for the targeted TOF and pixel of the detector. Our purpose is to remove I(3). Thus, by selectively extracting only the arrays in which the third column is 0 (sequence chopper closed) from Eqs. (6) and (8), one can reconstruct a good quality data set:
Hence,
This equation can be solved by dropping one array and using the inverse matrix, or by the least squares method. Further, we can reincorporate the background term B:
We emphasize that the selective extraction method is applicable not only when the third channel is elastic but also when an arbitrary channel is elastic. One can remove the elastic components at all TOFs and pixels with only the two data sets. 12), where ∆I(1) denotes a statistical error of I(1). In addition, since N measurements with cyclic rotation of sequence are needed to resolve [I obs (p)] to [I(j)] with only one-measurement statistics, the use of white beam does not overall multiply the measurement efficiency so much. In the use of maximum length sequence, a statistical advantage can be obtained only for special j(s) (E i channel(s)), in which the signal of interest is more than twice the average counts per channel 6 . Hence, the cross-correlation methods would be suitable only in the cases of phonon resonance, magnon resonance, or elastic scattering.
The above situation is essentially the same as that in our modified cross-correlation method with selective extraction. Here, we roughly estimate the statistical efficiency based on the assumption that [I(j)] consists of only inelastic scattering counts with similar magnitude and without huge elastic components. First, in the cross-correlation methods without selective extraction including the original one and the aforementioned generalmatrix one, the error of I (nsl) (j) is described by
where the superscript (nsl) denotes the non-use of selective extraction,Â −1 corresponds to the inverse matrix, a is estimated by
where I (nsl) (j) ≡ c j I (nsl) . Next, in the modified crosscorrelation method, the error of I (sl) (j) is described by
where the superscript (sl) denotes the use of selective extraction, K 
2 , and j ′ denotes the row number in B −1 with which I (sl) (j) can be obtained (e.g., j ′ = 1 for j = 1 and j ′ = 3 for j = 4 in Eq. (12)). Hence, the statistical efficiency η
where I (sl) (j) = I (nsl) (j)/2 since selective extraction involves the use of two data sets again. Then, in the conventional monochromatic experiments, the efficiency η (mono) j required to obtain the same data set of all E i (j = 1, . . . , N ) over the same total measurement time using monochromatic beam is estimated by
which corresponds to the measurements described bŷ A =Ê (identity matrix) in the general matrix formalization. Thus, the ratios of the statistical efficiencies are estimated by
Using example sequences summarized in the Appendix, we numerically calculated the values of a j and b j ′ and the criteria of c j to retrieve the I(j) of interest more efficiently than the use of conventional monochromatic beam. For the original cross-correlation method with maximum length sequence without selective extraction, the results are a ) > 1 (j = N : I(j)) gives c j > 6.2, 5.8, 6.7, 9.4, 12, and 15. The latter criteria are harder than the former ones in the absence of huge elastic components, as expected. In addition, since c j increases as N increases in the latter, it would be better to set N less than about 60.
In this way, both the original and modified crosscorrelation methods can efficiently give only the I(j) components with relatively large c j among [I(j)]. Therefore, it is important to tune the experimental conditions, such as the ranges of E i , TOF, and pixel used, such that the components of interest become the strongest in intensity among [I(j)]. In this sense, we would like to emphasize that the modified method with selective extraction can remove not only an elastic channel but also an arbitrary one channel of no interest with relatively strong intensity among [I(j)]; for example, spurious neutrons scattered on unexpected paths and spurious neutrons coming from the previous flame.
In practice, (1) for elastic scattering, the original method without selective extraction could be safely applied, as has been reported in the past 2, 3, 5, 6 , since elastic scattering is normally the strongest among [I(j)]. However, the modified method might improve the data as an insurance to remove a spurious channel. (2) For quasielastic scattering and low-energy inelastic scattering, which will have the next strongest intensity and will necessarily overlap with the strongest elastic scattering in TOF, the modified method will be effective to remove the elastic scattering. (3) For higher energy modes with relatively weak intensity, one must remove not only an elastic channel but also quasielastic and low-energy inelastic channels, which contaminate the higher energy data as a source of statistical errors. Therefore, it would be better to narrow the E i range from white to quasimonochromatic, which will allow us to avoid all the elastic, quasielastic, and low energy inelastic scatterings by TOF, in conjunction with the modified method to remove an arbitrary channel of no interest again. In any case, to efficiently utilize the cross-correlation methods, users should recognize that the optimal experimental condition will highly depend on the specific aim of the individual experiments.
V. SPECIFICATIONS FOR PRACTICAL IMPLEMENTATION
We are constructing a TOF polarized neutron spectrometer called POLANO at a decoupled moderator at J-PARC. Because polarization devices such as Heusler crystals and spin filters lose a large proportion of neutrons, we need a method to gain an increase of over a factor of 10 in measurement efficiency. Our method of white-beam inelastic neutron scattering is one candidate, though it is applicable to both unpolarized and polarized inelastic neutron scattering. In this section, taking this spectrometer as an example, we present some specifications for the sequence chopper.
For this system, we set the distance between moderator and sample L 1 as 17.0 m, the distance between sample and detector L 2 as 2.0 m, and the distance between sequence chopper and sample L 3 as 2.0 m. The time width values at the decoupled moderator at J-PARC, ∆t m , were used for each E i (Table I) . For each E i , the energy resolution ∆E/E i was kept ≤ 0.04. Then, using the analytical formula for energy resolution 7 , we evaluated the opening time per E i channel required at the sequence chopper, ∆t sc1 .
Also, on the assumption that a sequence chopper is alternately closed without generating a sequence as an example, as shown in Fig. 3 , we estimated the condition of ∆t sc2 necessary to avoid contamination by the elastic tails from neighboring E i channels. The condition can be estimated by ∆t d ≤ ∆t ch , where ∆t d is the time width of the elastic component at the pixel on the detector with E i , and ∆t ch is the time difference between two TOFs of neighboring E i channels at the pixel, as defined in Fig. 3 . The two parameters are described by other parameters,
As summarized in Table I , there exists a solution for ∆t sc . For example, over a wide E i range of 10-80 meV, ∆t sc = 9 µsec simultaneously satisfies the constraint of ∆E/E i ≤ 0.04 and the avoidance of the tails from neighboring E i channels. This opening time can be realized by a set of counter-rotating disk choppers with the following parameters: 700 mm-φ, 20 mm/channel, and 350 Hz 8 . In addition, for the sequence chopper, note that an arbitrary sequence can be generated by printing a sequence clockwise and then counterclockwise on counterrotating disk choppers. The sequence chopper generates 0.5 · (π · 700 (mm))/20 (mm) = 55 E i channels.
VI. SUMMARY
We developed a modified cross-correlation method for an increase in measurement efficiency of inelastic neutron scattering. First, a different solution using an inverse matrix representation was formalized to resolve each E i component in the white-beam data. Second, a method of selective extraction was proposed to avoid contamination by elastic components. Third, taking spectrometer POLANO at J-PARC as an example, practical specifications for the sequence chopper were estimated. Experimental situations giving high efficiency, however, would be quite limited and complex. The example sequences used for the calculations in Sec. 4 are summarized. For the original cross-correlation method, (1, 0, 0, 1, 1, 1, 0) at N = 7, (1, 0, 1, 1, 0, 0, 1,  0, 0, 0, 1, 1, 1, 1, 0) at N = 15, (0, 1, 1, 0, 1, 0, 0, 1, 0,  0, 0, 0, 1, 0, 1, 0, 1, 1, 1, 0, 1, 1, 0, 0, 0, 1, 1, 1, 1, 1, 0) at N = 31, (1, 0, 1, 0, 1, 1, 0, 0, 1, 1, 0, 1, 1, 1, 0, 1, 1,  0, 1, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 1, 0, 1, 1, 1, 1, 0, 0, 1,  0, 1, 0, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1,  1, 0) at N = 63, (1, 0, 1, 0, 1, 0, 0, 1, 1, 0, 0, 1, 1, 1, 0,  1, 1, 1, 0, 1, 0, 0, 1, 0, 1, 1, 0, 0, 0, 1, 1, 0, 1, 1, 1, 1, 0,  1, 1, 0, 1, 0, 1, 1, 0, 1, 1, 0, 0, 1, 0, 0, 1, 0, 0, 0, 1, 1, 1, 
